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1. For the system

x1 + 2x2 − 3x3 + x4 = 7

2x1 − 7x3 + x4 = 9,

xj ≥ 0 for all j = 1, 2, 3, 4 find all basic solutions, basic feasible solu-
tions, nondegenerate bfs and degenerate bfs. [7]

Hint: Find a solution for a1x + b1y = c1, a2x + b2y = c2.

2. a) Let v1,v2, · · ·vk ∈ Rn and S = {λ1v1 + λ2v2 + · · · + λkvk : λi ≥
0, λ1 + λ2 + · · ·+ λk = 1}. Let f : Rn −→ R be any linear map. Show
that max

S
f = max

i
f(vi). [2]

b) Let P be a polygonal region in R2 given by

2x1 + x2 ≥ 4

x1 − x2 ≥ −4

−3x1 + x2 ≥ −15

−x1 ≥ −7

x1 ≥ 0, x2 ≥ 0.

Let c1, c2 ∈ R. Define g : R2 −→ R by g(x1, x2) = c1x1 + c2x2.
Determine max

P
g and min

P
g interms of c1, c2. [3]

3. Let R++
n = {p = (p1, p2, · · · pn) with pi > 0 for each i}. Let 4n =

{(x1, x2, · · · xn) : xi ≥ 0 for each i and
∑

xi = 1}. Define, for p ∈ R++
n ,

Sp : 4n −→ 4n by Sp(x1, x2, · · · , xn) = (p1x1,p2x2,···pnxn)∑
pjxj

a) Let p,q ∈ R++
n . Let r = (r1, r2, · · · , rn) with rj = pjqj. Find a

relation between Sp ◦ Sq and Sr and prove your claim. [3]

b) Show that Sp is 1− 1, onto for each p in R++
n . [1]

c) Show that Sp maps any straight line in 4n to a straight line. [3]



4. Let A : Rn
col −→ Rm

col be a linear and onto map. Show that sup
xε4n

inf
i

∑
j

aijxj =

inf
yε4m

sup
j

∑
i

aijyi. [6]

Hint: If you need, conversion table from primal to dual form, it is given
below

TABLE

Primal Dual

row i
∑
j

aijxj = bi yi real

rowp
∑
j

apjxj ≥ bp yp ≥ 0

variable j xj real
∑
i

yiaij = cj

var q xq ≥ 0
∑
i

yiaiq ≤ cq

min
∑

cjxj max
∑

yibi

5. Define f, g : R2 −→ R, L : R2 ×R −→ R by

f(x, y), = 2x3 − 3x2

g(x, y) = (3− x)3 − y2

L(x, y, λ) = f(x, y) + λg(x, y).

Let D = {(x,y) : g(x,y) = 0}
a) Show that max

D
f is attained at (3, 0). [3]

b) If (x, y, λ) is a critical point for L ie ∂xL, ∂yL, ∂λL = 0 at (x, y, λ),
then show that (x, y, λ) ∈ {(0,±√27, 0), (1,±√8, 0)}. [2]

c) Find the rank of g′ at (3, 0). [1]

6. Let A : Rn
col −→ Rm0

col be linear onto.

Let A = [a(1), a(2), · · · , a(m0), a(m0+1), · · · , a(n)]. be the Column repre-
sentation of A. Let B = [a(1), · · · , a(m0)], N = [a(m0+1), · · · a(n)]. Let
c ∈ Rn

col.c = (c1, c2, · · · , cn)t, Define cB, cN by cB = (c1, c2, · · · , cm0)
t,

cN = (cm0+1, · · · , cn)t. Define the reduced cost vector r depending on
c, B as rB = 0, rN = cN − (B−1N)tcB. Let v be any B basic feasible
solution and y any basic feasible solutions for Ax = b.

a) Show that −ctv + cty = rt
NyN . [3]

b) Assume further B = mo×mo identity matrix. Let v be B basic non
degenerate solution such that ct · v = inf{ct · y : y ≥ 0, Ay = b}.
Show that r ≥ 0. [6]



7. Let D be a convex set in Rn and f : D −→ R a concave and C1 function.
Show that x∗ is a global maxima for f if and may if f ′(x∗)y ≤ 0 for all
y pointing into D at x∗ [5]

8. Let A,b, B be as in Qn6(a). For m0 + 1 ≤ j ≤ n, 1 ≤ l ≤ m0 let

B(j, l) = {a(j)} ∪B/{a(l)}. For j as above, let a(j) =
m0∑
i=1

γ
(j)
i a(i). Let x

be any B basic feasible solution.

a) Find a necessary sufficient condition so that B(j, l) is a basis. [2]

b) Assume that {i : γ
(j)
i > 0} is non empty. Let θ

(j)
0 = min{ xi

γ
(j)
i

: γ
(j)
i >

0} = xl

γ
(j)
l

for some l in {1, 2, · · · ,m0}. Define y(j) = (y
(j)
1 , y

(j)
2 , · · · , y

(j)
n )t

by y
(j)
i = xi − θ

(j)
0 γ

(j)
i . Then y(j) is a B(j, l) basic feasible solution. [5]


